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X G&%fiLIZATION OF DIFFEREKCE SETSn 

Robert J. McEliece+ 
l 

a. 

r 2 s i d u e s p l ,  ai ,  ..., t) modulo v such t h a t  every residue b jd 0 (mod v) 

:.-:I be e-qressed i n  exactly X ways i n  the  form b E 

Introduction. A (v,k,X) difference set D i s  a set of k d i s t i n c t  - 

(mod v). With 
ai - 

f L L - ~  difference !set, we may associate a binary per iodic  sequence ( s  1, '2' 

hill. s Since t h i s  sequence 

is ALeriodi,: o f  period v, we need only consider one cycle from t h e  sequence. 

-- 1 if $(mod v) 5.3 i n  D, and si = 0 otherwise. 
i 8 

:L.-:. cycles we + p e e  t o  c a l l  (binary) difference cycles. Difference cycles 

(eGclvaienuly, difference s e t s )  have been studied in tens ive ly  (Refs. (1) , (3) ) .  

?hey have k p o r i a n t  appl icat ions t o  d i g i t a l  comunications, mainly because 
i 

t h e y  have 2-level autocorrelation. In  t h i s  paper we s h a l l  point out  ce r t a in  

other (equlvaleqt)  propert ies  of difference cycles which seem susceptable t o  

i m e d l . G t c  ,Fner4l izat ion,  but show t h a t  these general izat ions a re  vacuous. sH( 

1 
b. f.:ot,iv:ition. If. s i s  a difference cycle, then the  def ining property of 

I 
d i f fcrwricc sets i t e l l s  u s  t h a t  the number of ordered pa i r s  ( a  

(subscr ipts  tnkdn mod v) of  the form (1,l) is  X fir a l l  values of b f 0 (mod v). s 

8 i' i+b ) from 8 

More generally, / l e t  the  number of ordered p a i r s  (si, s 

( ci, c2) be den ' t ed  by p 

) f r o m  s of t he  form 

(b). Thus p- (b)  = X f o r  a l l  b f 0 (mod v). A 

$ 

i+b 

7 'i''2 1,1 
I 
I 
i 
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(b )  = p ('G) = k - X ,  
%,i L O  

simple enurneration now shows t h a t ,  i n  addi t ion 

(b)  =I v - 4 + A, whenever b f 0 (mod v). For l e t  us represent s and 
pc ,o I 

1 

i t s  bth t r a n s i a t e  sb schematically as below: 
I - 
4 
I 

, k V-k 
' -  - 

00 *.. 0 00 ... 0 

00 *.. 0 11 ... 1 
S :  ' ! 11 ... 1 11 ... 1 

I 

00 ... 0 11 ... 1 ---- 'b: 

h 
i 
I 

k-X k-X V-2k+X 
0 

Since exact ly  X ol" the  ones from s match up with 1's from sb, the  re- - 
maining k-X ones f r o m  s must be paired with zeros from s 

Pi ,o  I 

This shows b' 7 - 
(b) = k-A. ]The other  re la t ions  may be ve r i f i ed  similariy.  

Now l e t  s be any binary cycle of length v (not necessar i ly  associated 
i 

wlth a difference set) .  

been defined asjfollows (Ref. (1)): 

t h s  nuinbcr of  agreements between s and sb ( i .e . ,  the  number of components i n  

The (unnormalized) autocorrelat ion of s, Rs(b), has 

Rs(b) = As(b) - DS(b), where As(b) is 
I 

which s and sb Gave t h e  same entry) and Ds(b) i s  the number of disagreements. 

With the  notat ic  

Cur renarks the] 

independent of 1 

course RS(0) = 1 

cycles (i.e.,  s 

these), any cyc: 

dif fomnce  s a t  ( 

c . 

show i n  pa r t i cu la r  t h a t  f o r  a difference cycle s, Rs(b) is 

if b f 0 (mod v), and so s has two-level autocorrelation. (Of 

). Conversely, it i s  easy t o  show t h a t ,  except f o r  pulse 

= (l,O,O,*.*,O) or (O,l,l, ..., 1) o r  a t r a n s l a t e  of one of 

3 with two-level autocorrelat ion i s  associated with a 

302'. (1))* 

ton. Tho proceding discussion motivates the following formal 
J 

-.c 

I 
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generalization of a difference cycle which depends nc>it!-,er on the notion c;f 

autocorre1ation:function nor on group theory. s2, ..., sv) is  

any binary cycle, and i f  b i s  an in teger  s a t i s fy ing  0 < b < v, we define a 

If s = ( s  1’ 

s s ): i = 1,2, ..., iJ i+b bigrrun N(s,b) a? follows: K(s,b) = 

- r i u l t i p l i c i t y  included. We have seen t h a t  if s is a binary difference cycle, 

then M(s,b) = M(s,bf) (equal i ty  means t h a t  the two col lec t ions  contain the 

same p a i r s  xi%h ithe same mul t ip l i c i ty )  whenever 0 < b < v, 0 < b’ < v. 
I 

Hore 

generally, we d 

follows : 

Def in i t i on :  Le 

w i t h  0 < bl < b 

included. If M 

r e  gu iar  . 
Thus i n  t h  

doubly-regular 

we allow both t 

increase.  We r 

n-ary c y d s s  as 

:i t r i v i a l .  way. 

d. Non-Ekiste 

Theorem 1: 

a l t e  mat ive s be 

fine an m-gram f o r  an n-ary cycle s = ( s ~ ,  s2, ..., sv) as 
e 

- b = (b l ,  b2, e * * )  b-1 ) be an ordered (m-&tuple of h t e g e r s  

< v. We define the  m-gram M(s,b) t o  be the <. . .< bm.l - 
\ 

3 ), i =  1,2, ...) v , j  m u l t i p l i c i t y  i+bln i+bZp * * . )  ii-bml Y 

B&)  = N(s,kI) f o r  all such - b and we say t h a t  s i s  m-tuplg 

new terminology an ordinary difference cycle becomes a 

inary cycle. We have formally generalized i n  two d i rec t ions ;  

e degree of regular i ty  of s and the  number of symbols in s t o  

mark t h a t  m-tuply regular  unary cycles  and s ingly regular  

t r i v i a l ,  and t h a t  a pulse binary cycle i s  m-tuply regular in 

Tt, 1s swpr1sing t h a t  binary difference cycles and the  above 

:u*o tho w l y  orniplea  of In-tuply rcgulx n-nry cycles possible. 

o u l t  now. 

ce . - 
If s is  an m-tuply reguiar n-ary cycle, then one of the four  

OW holds : .. 
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(1) 

(2)  

( 3 )  m =  i 

m = 2, n = 2 and s is  a difference cycie 

q = 2 and s is a puise 

( 4 )  n = 1 . 

'rhc p:-oof i s  i.1 t w a  par t s :  (1) We ns.;ume m > 2 and conclude n = 1 unless 

s I s  n pulse; (2) We assume n > 2 and show m = 1. 

Suppose, then, t h a t  s is  31; m-tuply regular n-ary cycle with m > 2. It 
4 0 

i s  c iear iy  suff<cient t o  prove t h i s  i s  impossible f o r  n = 2, since if n > 2 

we a y  idefitifymcertain of the symbols t o  obtain an m-tuply regular  binary 

cyc;e. 

- Def ' ia i t ion:  (Hananai, Ref. (2)). L e t  S be a s e t  of v d i s t i n c t  objects .  A 

I 

'de now digress  i n  order t o  place the problem i n  a wider context. 
i 

, 

t n c t i c a i  configuration C = C is a col lect ion of b subsets (ca l led  
I I 

b locks)  11.. , i 2 11,2, ..., b, of S such t h a t  each block contains exact ly  k 
i J 

obJectu from S, land each (unordered) m-tuple f r o m  S occurs i n  exactly X blocks. 

C I s  s y m e t r i c  4f b = v, and if each object  i n  S occurs i n  exact ly  k blocks. 
I 

O u r  pian i s  t o  show t h a t  the e ~ s t e n c e  of an m-tuply regular binary cycle 

-*lies the exigtence of a symmetric C fk,rn,h,v] . Tneorem 2 shows t h a t  such 

configurations qre t r i v i a l ;  we prove Theorem 2 first.  
, 

Theorem 2: There are no non t r iv i a l  symmetric C configurations,  I 

7 

I 

I 

i f  m 2 3. (Tridial means t h a t  k does not s a t i s f y  m S k 5 v - m). 

Fmof :  Ttlis c lea r  t h a t  a C configuration is a lso  a C 
_L_ 

wnfigyr:Lt,ion t'dr nit s m, since each wiordorcd ml-tuple f r o m  S i s  a subset of 
I 

I 
I 
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(1::;) .*L .Y / (E:) times i n  the  configuration. Consequently it wiil be suf f i -  . 
cierit tc prove theorem 2 f o r  m = 3. I 

?or  the  moment l e t  X = A and l e t  A2 represent the  number of  times each 3' 
unordered p a i r  f r o m  S occurs in C. 

r.uribe~ or' times :a t r i p l e  involving a given pa i r  occurs in the  configuration, 

Then counting i n  two d i f f e ren t  ways the  

we see t h a t  

I;o:.c-, tha;. ( 1 )  hdldu f o r  any C b,3,X,v] configuration, symmetric o r  not. 
I 

If C is s p b e t r i c ,  l e t  us  count i n  two ways the  number of times a pair 
I 

Iri-:olvirig a given element occurs: 
~ 

I 
1 

i4e cow perform the standard t r i c k  (see Bose (5)) of de le t ing  from C an 
i 

ar1)itra-j- block1 and a l l  obJects  occuring in t h a t  block. 

i c u l a r  :: s:,-imct,<i.c biock design,  the  derived design C 1  w i l l  also be a 

Since C i s  i n  part- 

I 

C bit , ? , A  ,\?'I 'coni'iguratlon (but no longor symmetric) w i t h  k' = k - A p  
' I  

A '  = ' += A3, $ A 2  - - X2, v' = v - k .  Eq. (1) w i l l  now apply t o  t he  derived 3 

paramte r s ;  i .e 

X2(k 1 X2 - 2) = h3(v-k-2) . 
i 1 

I 

2 Combining Zq. (i) with Eq. (i), we see t h a t  A 2  / k = h3. Thus Xdk = (k-2)(v-2) 
1 
! 
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< I . . ~  , r r. so, from Eq. (2), (k-l)/(v-l) = (k-2)/(v-2); which implies k = ' J .  Ed: . 
;: = v is a t r i v i a i  design, and t h i s  completes the proof of Theorem 2. 

To complete the f irst  pa r t  of the  proof of "heoreml,  it remains t o  

skew t h a t  the  e h s t e n c e  of an m-tuply regular binary cycle (m 2 3 )  wfiich 

1-c. not a pulse  implies t h e  existence of a non-tr ivial  symmetric C 

cG;:iCigur:ition. ! F i r s t  of all, it  is  clear t h a t  if 1 < k < m, then no such 

~y(:;e? ex i s t s ,  s$nce f o r  ce r t a in  b ' s ,  M(s,b) w i l l  contain (11 ... l 00 ... Of, 

k,m,A,v [ I  
k rn-k 

A w -  

xhiie o t h e r s  w i l l  not.  Thus, 

c.x::e?t f o r  pulses a l l  m-tuply regular binarg sequences with k 1's satisfy 

r ? . . ; X S v - m .  j 

Similarly v - m > k > v - 1 is 'impossible. 

i 
I 

I 

1 
I 

If now s is an m-tuply regular binary cycle of length v (we assume t h e  
! 

be any set containing v 
I 

al, a2, . . . ' a  two symbois are IC and l), l e t  S = f 1 3  i v  
i 

a i s t i n c t  object  . 
a,cBi i f  and o n y  if si+J = 1. To show t h a t  these blocks form a s p e t r i c  

C , h,m,X,v 

We define biocks Bi, i =  0,1,2, ..., v - 1 as follows: 4 
J 

3 i" 
configuration, we need only v e r i f y  t h o  m-tuple condition. 

"I 

'rhus, l o t  (a , a , ..., a. ) be an in-tuple from S, and assume 
j il 12 lm 

I 
i, < i2 < ... 
A 

! 
j+l - i , j = 1,2, ..., m - 1, and set - b = Let b j  = i 

j 

(D,-, j2, ..., b k l ) .  Since s is m-tuply regular ,  the m-tuple (l,l, ..., 1) 

w i i L  a c c u r  i n  M(s,b) a ce r t a in  number of times, say Am, and Am i s  independent 
I 

) is -such an m-tuple from i+b,i i+blJ * ' * '  s .  
of b. It i s  c i  a r  t h a t  i f  (si,  s 

1 
EI(s,b), then B w i l l  contain the L t u p l e  ( a  , a , ..., a ), and conversely. 

I m i-il il . i2 i 

Honcc o w r p  m-t.yyIr i'rowm S occurs i n  exactly X blocks, and so the blocks Bi nl 1 
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:v .?om a (non-tr iviai)  symmetric C k,m,X,v configuration. 3 u t  ~ h l s  is 1 : 3  
Lzgcssible by Theorem 2, and so every m-tuply regular  binary cycle i s  a 

plse. This completes the  f i rs t  pa r t  of the  proof of Theoreml. 

Our a t t en t ion  has recent iy  been drawn t o  the  f a c t  t h a t  the second half 

GI Theoren 1 w a s  proved independently by R. Titsworth (Ref. 6 )  several  years 

ag3. 

sequences are prec ise ly  the  doubly regular sequences discussed here.) 

(The reader who consults t h a t  report  will see t h a t  Titsworth's "perfect*T 

We 

present here  a pew proof which makes use of t h e  highly-developed theory of 

d<f f  erence s e t s  
0 

I n  o rder  t,; prove the second half  of Theorem 1, we w i l l  assume t h a t  s is 
I 

'A doubQ regula It will be 

sL,iPicient to piove t h a t  there  are  no' doubly regular  te rnary  cycles, s ince a 

ciciibly reguiar ?-ary cycle (n > 3)  can be transformed into a doubly regular 

te -vary  cycle by a simple iden t i f i ca t ion  of ce r t a in  symbols, 

n- :q  cycle, and show t h a t  n > 2 i s  impossible. 

I 
i 

If s i s  a ioubly regular ternary cycle i n  the  symbols 0,1,2, l e t  s 
i 

zero$, k 
I 

c.c:;tain k 

since if (say) 

wh=;e others would contain (0,2) but not ( C ) , l ) .  

synbols  0 :uid li s then becomes A doubly regular  binary.cycle  (which i s  not  A. ' 

ones and k2 twos. We observe t h a t  each ki must be 2 2, 
C 1 1  

= i, then some bigrams would contain (0,l) but not (0,2), 

Let us  now ident i fy  the  
I 

j 

091 i l  

= 6 : s =f 0 o r  s = lj, being the  complement of D2, i s  a difference i r) 

s e t .  Also, Do,i and Di,2, defined similarly, are a l s o  difference sets. 

! 
We r e m r k  t t h i s  stage t h a t  DouD1 = Do,i, D ~ D ,  = 9. This means 4 

t h a t  if we could prove t h a t  t he  union of two d i s j o i n t  difference sets i s  never 
i 
! 

! 
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. . -  - -a a . u . . - u ~ ~ v ~ ~ d  .. r r - alfference s e t ,  the second Far: ol" Theorem > wci,.5d fcllo-4 2 s  

m h n e a i a z e  ccrol lary.  

50 (see the ciscussion a t  the  end of t h i s  paper), we are as ye t  unable t o  

p a v e  it. 

But although there  i s  strong evidence t h a t  t h i s  i s  

SC we must go another route. 

To ccntinue w i t h  our proof, write Do ={ai, a2, ..., %,f and 

. We define the  polynomials eo and GI1 (see Ftyser 
l. 

Ref. (3))  a s  f c  

q x :  

dl (XI 

Then since D a 0 

Q,(X) 

tirid T(x) E 1 + 

Now since 

equal ly  of ten,  

wr i t t en  i n  exac 

8 1 s, t h i s  condi 

lows : 

8 

2 ."kO V 
a, 8 

rn x -t x + ... -k x (mod x - 1) 

bl b2 s x + x + ... + x (mod xv - 1) . 

1 D are difference sets, we have, as i n  Ref. (3) ,  1 

3,(x -1 ) I no + ho T ( x )  (mod x V - 1) 

J1(x-l) P n1 + X1 T ( x )  (mod; x V - 1) , ( 4 )  

id# hg D- ko(1co - l)/(V - 1)) "1 ccz kl - A 1  kl(kl - l ) / ( v  - 1)s 
V ') + x L  + ... + xV-l (mod x - 1). 

is doubly regular, t he  p a i r  (1,O) occurs i n  each bigram M(s,b) 

~y p times. This says t h a t  every residue b f 0 (mod v) can be 

LY p ways i n  the  form b 3 a - ' b .  (nod v). I n  terms of the  
, J  

.on be come s 
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. ,  

Q,(x) Qi(x-') 3 - p + pT(x) (mod x v - 1) . 

If we muitiply both s ides  of Eq. (5) by Q,(x), and use Eq, ( b ) ,  we obtain 

n:QO(3) + pQ1(x) E (pkl - hlko) T(x) (mod xv - 1) 

(Observe t h z t  ii(x)T(x) I R( l )T(x )  (mod x V - 1); see Fiyser (3) . )  But the  

lefthand side of (6) cannot contain powers of xh ighe r  than v - 1, and so 
0 

( 5 )  

But t h i s  i s  impossibie: the  left-hand s ide of Eq. (7) cannot contain a l l  

powers of x iesg than v, since some s are equal t o  2. This contradict ion 

c o q l e t e s  t he  p-oof of Theorem 1. 
i I 

1 
I 
I 

e .  

ra r iness  i n  our 'def in i t ion  of multiple regular i ty .  

we night mgard , t h e  f a c t  t h a t  the  pa i r s ,  (0,l) and(1,Q) occur evenly d i s t r ibu ted  

mont: t.hc bigrama ut' a difference cycle as a fluke, pecul iar  t o  the case of 

bin:iry cycles. /We could then define multiple regular i ty  by only requir ing 
~ 

Conciusionj 
I 

We remark f i n a l l y  t h a t  there  i s  a ce r t a in  amount of a rb i t -  

With hindsight a t  least, 
I 

I 

I 

t h a t  E+ tuples o 

t h i s ,  the  f irst  

w e  only needed 

or' the  second p 

t h a t  the  union I 

is  exact* w n a t  

evidence t h a t  ti 

the form (aa ... a)  be evenly d is t r ibu ted .  If we had done 

pa r t  of the  proof of Theorem 1 would s t i l l  have worked, since 

he even d i s t r ibu t ion  of (ll ... 1) anyway. 

rt of the  theorem would 'be needed; in fact, our conjecture 

f t w o  d i s Jo in t  difference sets can never be a difference set 

i s  required a t  least f o r  te rnary  cycles. 

is conjecture i s  t rue  i s  avai lable:  

But a new proof 

Some numerical 

f o r  example, we require  
I 
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'* . 

e 

( v  - i)lkG(ko - l), ( v  - i ) lk i (k l  - l), (v - l)l(ko T kl)(ko 7 kl - I), and 

Y U e r  (*e:. L;)  :has found a l l  t r i p l e s  (v, ko, kl) which s a t i s f y  these condi- 

t i o m ,  and withikg # kl. It i s  easy t o  show t h a t  ko = kl i s  impossible. 

U s b g  Ei:iUerfs pst, the author has been able t o  ve r i fy  the  conjecture f o r  

v L 3GB; there b e  32 t r ip le s  (v, koJ kl) in this range. There would appear 

t o  be no p a r t i c u a r  d i f f i c u l t y  in pushing these numerical r e s u l t s  even f a r the r .  

I '' 

I 

I 

I 

! 
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